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TV.  harotrooic  layer  in  which  the  lenses  are  embedded  is  infinitely  deep  so  that  there  is  no  interaction  between  the 
eddies  unless  their  edges  touch  each  other.  It  is  assumed  that  the  l^r  is  brought  about  by  a  mean  flow  which 
relaxes  after  pushing  the  eddies  against  each  other  and  fmming  a'^nre  fi'^SGticture. 

Using  qualitative  ugumenKjbased  on  continuity  and  conservation  of  energy  along  the  eddies*  edge)  it  is 
shown  that,  once  a'^^re  fi'^i^^re  is  e^bUshed,  intrusions  along  the  eddies'  peripheries  are  generated.  These . 
intrusions  resemble ’‘^ms'*'^ sr  ^ntacIcT^d  thdr  structure  gives  the  impression  that  one  vortex  is  ^ugging*^  ~ 
the  other.  As  time  goes  on  the  tentacles  become  longer  and  longer  and,  ultimately,  the  eddies  are  entirely 
converted  into  very  long  spiral*like  tentacles.  These  spiraled  tentacles  ate  adjacent  to  each  other  so  that  the  finrd 
tesuh  is  a  single  vortex  containing  the  fluid  of  the  two  patent  eddies.  It  is  speculated  that  the  above  process 

leads  to  the  actual  merging  of  lens-like  eddies  in  the  ocean.  - - 

Because  of  the  inherent  nonlinearity  and  the  fact  that  the  problem  tf^ree-dimensional  (x,  y,  1),  the  complete 
details  of  the  above  prot^  cannot  be  described  analyticatly.  Therefore.'^ne  cannot  prove  in  a  rigorous  manner 
that  the  above  process  is  the  only  possible  merging  mechanism.  It  is,Tiowever,  possible  to  rigorously  riiow 
analytically  and  experimentally  that  the  intrusions  attd  tentacles  ate  inevitable.  .For  this  purpose,  one  of  the 
interacting  eddies  is  conceptually  replaced  by  a  solid  cylinder.  Initially,  the  cyliMer  drifts  toward  the  eddy; 
subsequently,  it  is  pi^ed  slightly  into  the  eddy  and  is  then  held  fixed.  The  sub^uqm  events  ate  examined  in  , 
a  rigorous  mathematicai  and  experimental  manner.  ^ 

It  is  found  that  as  the  cylinder  is  forced  into  the  eddy,  a  band  of  eddy  water  starts  enveloping  tte  c^der  in 
the  clockwise  direction.  This  tentacle  continues  to  intrude  along  the  cylinder  parameter  until  it  ultimately 
reattachm  itself  to  the  eddy,  forming  a  “padlock”  flow.  Simple  laboratory  experiments  on  a  rotating  table  clearly 
demonstrate  that  a  “padlock"  flow  is  indeed  established  wIkd  a  lens  is  interacting  with  a  solid  cylinder.  Using 
the  details  of  this  process  it  is  argued  that,  in  the  actual  eddy-eddy  interaction  case,  intrusions  must  be  establisbed 
and  that,  consequently,  merging  of  the  two  eddies  is  inevitable. 


1.  iDtrodnctkHi 

Isolated  lens-like  eddies  are  common  in  many  parts 
of  the  ocean;  they  usually  result  from  meandering  cur¬ 
rents  which  close  upon  themselves  and  pinch-off  (e.g., 
see  The  Ring  Group  1981;  Lai  and  Richardson  1977; 
Cheney  1977).  Their  abundance  in  the  ocean  and  the, 
almost  permanent,  presence  of  mean  currents  suggest 
•  that  collisions  of  lenses  are  probably  a  foirly  common 
occurrence.  The  processes  associated  with  such  colli¬ 
sions  and  the  resulting  encounters  are  the  focus  of  the 
>  present  study. 

a.  Background 

So  far,  there  has  been  only  one  set  of  observations 
of  a  direct  eddy-eddy  interaction  (CressweU  1982; 
Cresswell  and  Lqieckis  1986).  In  this  case,  two  anti- 
cyclonic  lens-tike  eddies  have  collided  in  the  vicinity 
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of  the  East  Australian  Current.  Initially,  they  moved 
around  each  other  but  within  a  period  of  about  20  days 
they  have  completely  merged  (Fig.  1).  These  obser¬ 
vations  have  generate  the  interest  of  Gill  and  Griffiths 
(1981)  who,  in  a  short  communication,  have  pointed 
out  that  if  two  inviscid  eddies  with  zero  potential  vor- 
ticity  are  forced  to  merge  and  conserve  their  potential 
vorticity  and  mass  during  the  merging,  then  the  final 
vortex  would  have  energy  that  is  larger  than  the  sum 
of  the  individual  energies. 

Consequently,  it  is  concluded  that,  in  order  for  mass- 
conserving  merging  to  occur,  either  energy  must  be 
supplied  firom  an  outside  source,  or  that  potentitd  vor- 
tidty  is  not  conserved.  The  experiments  of  Nof  and 
Simon  (1987)  have  demonstrated  that  lenses  merge 
without  an  external  source  of  energy  so  that  their  po¬ 
tential  vorticity  must  somehow  be  altered. 

For  additional  studies  on  eddies  interaction  the 
reader  is  referred  to  Mied  and  Lindemann  (1984), 
MOATiDiams  (1983),  McWilliams  and  Zidwsky  (1982), 
Overman  and  Zabusky  (1982),  Mdander  et  al.  (1987), 
and  Christiansen  and  Zabu^  (1973).  While  bang 
informative,  die  latter  investigations  are  not  directly 
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FJC.  1.  The  meipng  of  two  anticyclonic  eddies  off  East  Australia  (adopted  from  Cresswe)}  1982).  The  results  of  Cresswell’s  ship  surveys  for  December 
1980,  January  1981  and  April  1981  are  shown  on  top,  middle,  and  bottom  (respectively).  In  column  I  buoy  tracks  for  several  days  before  and  after  the 
surveys  are  marked;  regions  having  2S0-m  temperatures  exceeding  IS°C  are  shaded;  the  I2°C  isotherm  for  250  m  is  marked.  The  thickened  ship  tracks 
define  the  temperature  sections  (in  degrees  Celsius)  in  column  2  where  the  signature  layers  of  eddies  Leo  and  Maria  are  shaded.  The  vertical  lines  in 
column  2  indicate  the  positions  for  the  temperature  and  salinity  profiles  of  ct^umn  3. 


applicable  to  the  problem  at  hand  because  they  do  not 
address  lens-like  eddies.  The  reader  is  also  referred  to 
the  laboratory  experiments  of  Griffiths  and  Hopfinger 
(1986,  1987)  and  the  analysis  of  Young  (1985)  which 
discuss  the  interaction  of  quasi-geostrophic  and  geo- 
strophic  vortices.  These  eddies  differ  from  our  vortices 
because  the  latter  are  of  finite  extent  whereas  the  ftxmer 
are  infinite.  That  is  to  say,  the  eddies  interactions  which 
have  been  considered  so  far  have  an  orbital  speed  that 
falls  oflTas  1  /r  so  that  two  eddies  sense  each  other  no 
matter  how  far  apart  they  are.  The  presently  considered 
lens-tike  ecWes,  on  the  other  hand,  do  not  sense  each 
other  unless  they  are  in  direct  contact  because  dynam¬ 
ically  they  are  identical  to  isolated  Mobs  situated  on 
top  of  a  dry  horizontal  plate. 


The  purpose  of  the  present  paper  is  to  explore  an¬ 
alytically  some  of  the  details  of  the  merging  process. 
We  will  not  be  able  to  rigorously  analyze  the  complete 
process  and  all  its  details  (such  as  the  actual  alteration 
of  potential  vorticity)  but  we  will  be  able  to  provide 
some  information  on  the  coalescence  (i.e.,  the  estab¬ 
lishment  of  arms  and  tentacles). 

b.  Methods 

The  reader  is  warned  in  advance  that  part  of  the 
theory  is  qualitative  and  speculative  in  nature.  The  core 
of  the  theory(i.e.,  theso-^led  “padlock”  flow),  how¬ 
ever,  is  a  rigorous  mathematic^  and  experimental 
analysis.  The  general  details  of  the  prop'Tsed  merging 
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mechanism  are  as  follows.  Two  iscdated  blobs  are  ini* 
tialiy  sepanried  fiom  each  mhen  they  are  embedded 
in  a  Ugjit^  (w  heavier)  infimtely  deep  layer  so  that, 
initiaBy,  one  vortex  does  not  **fed”  the  presence  of  its 
coontnixurt  The  eddies  are  then  brought  together  by 
some  mean  flow  ndndi  relaxes  after  it  pushes  one  vortex 
agamst  die  other.  The  creates  a  “figure  8“  structure 
with  a  mutual  boundary  along  v^ch  the  depth  does 
not  vanish  (Fig.  2).  We  shall  see  that  because  of  the. 
estaUishment  ^  such  a  mutual  boundary,  the  eddies 
cannot  remain  separated.  “Tentacks”  are  extended 
from  one  v<Ht»  to  another  and  nqnd  moging  occurs. 

Fidlowing  the  conclusion  of  Nof  and  Simon  (1987) 
we  devdop  a  theory  that  cmreqjonds  to  a  situation 
where  the  final  potential  vorticity  of  the  merged  vortex 
is  not  idatical  to  the  initial  potential  vmrtidty  which 
each  v(mk«  has  had.  The  details  of  our  proposed  merg¬ 
ing  mechanism  involve  two  main  processes.  The  first 
is  the  way  in  whwh  each  of  the  two  vortices  becomes 
entangled  in  the  “tentacles”  of  its  counterpart  and  the 
second  is  the  associated  change  in  the  potratial  vortic¬ 
ity.  The  former  can  be  rigorously  exi^ned  in  terms 
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of  rdativdy  simjfie  dynamical  considerations  whereas 
the  causes  of  the  latter  are  somewhat  speculative.  It  is 
suspected  that  die  dumge  in  potentiid  vorticity  is  a 
result  of  shock  waves  that  are  present  during  the  tran- 
aent  merging  process. 

Both  processes  are  highly  nonlinear,  the  inter&oes 
of  the  blobs  strike  the  auft^  (or  bottom)  so  that  the 
depth  variations  are  of  0(1)  and  the  centrifugal  accel¬ 
eration  is  of  the  same  ord^  as  the  Coriolis  force  so 
that  the  Rosdry  number  is  also  of  0(1).  Because  of 
this  and  the  fto  that  the  general  pr^lem  is  thiee- 
dimetuiotud  (x,  y,  t),  it  is  impossible  to  describe  all 
its  details  analyti^y.  It  is,  however,  posable  to  prove 
analytically  that  the  formation  of  tentacles  is  inevitaUe; 
namely,  it  is  posable  to  show  that  once  a  “figure  8” 
and  a  mutual  boundary  are  established  then  each  vortex 
must  extend  an  “arm”  around  its  counterpart  (Fig.  3). 
To  show  this,  one  of  the  vortices  is,  conceptually,  re¬ 
placed  by  a  sedid  cylinder  and  the  flow  resulting  from 
slighdy  forcing  the  cylinder  into  the  remaining  eddy  is 
examined.  Note  that  since  our  model  is  invisdd  it 
makes  no  difierence  whether  or  not  the  solid  cylinder 
is  rotating. 

The  main  idea  behind  the  above  simplification  is 
that  both  an  adjacent  eddy  and  an  adjacent  cylinder 
are  forcing  a  mutual  boundary  along  which  the  dqi>th 
does  not  vanish.  A  similar  simplification  was  used  by 
Nof  (1986a)  to  describe  the  collision  between  the  Gulf 
Stream  and  a  warm-cote  ring.  However,  there  ate  two 
important  differences  bietwm  the  Nof  analysis  and 
the  ^nesent  model.  The  first  is  that  while  curvature  ef¬ 
fects  ate  very  important  in  the  present  study,  they  are 
entirely  n^hgiMe  in  the  Nof  (1986a)  case.  Tte  second 
is  that  in  the  present  case  the  volume  of  the  fluid  sur- 
roundiiig  the  cylinder  is  finite  whereas  in  the  Nof  study 
there  is  a  continuous  flow  Grom  one  area  to  another. 


These  differences  make  the  present  study  considetably 
more  difficult  than  that  discussed  in  Nof  (IS>86a).  De¬ 
spite  these  diftrences,  many  of  the  tedmiques  in 
the  above  study  are  also  applied  here.  Tl^  is  some 
(hut  limited)  overhqrping  between  the  two  artides  be¬ 
cause  an  attempt  bu  been  made  to  make  the  present 
paper  seif-otMitained. 

Because  of  the  non  vanishing  depth  along  the  area 
in  winch  the  fluxl  is  in  direct  contact  with  the  cylindo’, 
an  intrusion  of  eddy  watCT  along  the  cytinder’s  perim¬ 
eter  is  estaUisbed.  It  propagates  in  a  dMkwise  manner 
until  it  ultimatdy  readies  the  eddy  on  the  downstream 
side.  At  this  point  the  intrusion  reattadies  itself  to  the 
eddy  and  the  combined  eddy-hittuskm  flow  retonbies 
the  shape  of  a  padlock.  Benuse  of  reattachment  the 
“padlock”  flow  is  neiuly  and,  even  tiKMgh  tiie  problein 
is  still  nrafiuear,  it  is  pomil^  to  obtain  an  a^ytical 
toiutkm.  This  can  be  adtieved  by  using  a  conatnint 
teeuhiag  ftom  iategntiag  the  equatkms  repicsenting 
ffie  torque  fetative  to  the  oetfter^  tile  qdiate.  hfodi 
of  the  aadysn  and  ffiscinsioti  in  the  is  devoted 
to  the  padlock  flow,  the  mete  existence  of  a  nonvon- 
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Intrusion  of  vortex  1 
alona  tho  odao  of 
vortax  2 


tho  odao  of  vortax  1 


Fto.  3.  The  begwaing  of  the  doable  iotnwoB  along  the 
oftheeddieaL 


ishing  padlock  flow  illustrates  that  intrusion  of  eddy 
water  along  die  cinder  is  inevitable.  We  shall  see  that, 
consequently,  one  is  led  to  the  condusion  that  inter¬ 
leaving  and  merging  must  take  {dace.  The  padlock  the¬ 
ory  is  supported  by  a  series  of  laboratory  experiments 
on  a  rotating  table. 

This  paper  is  organized  as  follows.  In  section  2  the 
general  structure  of  the  merging  process  is  described 
in  detail;  this  description  is  larg^  qualitative.  The 
siffliflificidion  of  the  processes  in  question  and  the 
equations  governing  the  padlock  flow  ate  given  in  sec¬ 
tion  3.  Section  4  contains  the  apprtgniate  scaling,  and 
section  S  indudes  the  solution  for  the  padlock  flow. 
The  laboratory  eiqietiments  ate  described  in  section  6. 
The  resuht  ate  discussed  in  section  7  and  summarized 
in  section  8.  A  list  of  symbols  is  given  in  the  Appendix. 

2.  A  qualitative  daacription  of  fte  aiiiglat  process 

The  material  presented  in  diis  sectkm  is  mostly  de- 
scrip^  and  somewhat  speculative.  Consider  agatn  the 
two  iscAtfed  Mobs  shown  in  Fig.  2.  The  bioto  have 
uniflMm  draarty  and  the  sU^tly  lighter  fluid  in  whidi 
they  are  eiBliedM  is  inftttitdy  deep.  Iintially,  the  bfobs 
do  not  touch  each  odicr  so  that  there  is  no  repulsion 
orattfictioM. 

^qifiose  now  drat  soine  tBean  flow  has  bfou^  die 

flfO  MOM  ICpXlla  10  hHR  uW  0GKBC9  DOIIZQfllll  pfO* 

jeedoo  resembles  the  **flpafe  8**  diape  and  a  mutual 
boundary  is  saabMwd  (III.  2);  dier  thte  luqipais  die 
OMin  flow  leinsiL  Our  tsiiM  HiuiHfofi  tiiis  us  thsa 
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tMl  bouttiity  auiy  ibaflity  ooiaiR  of  a  loadfaaid  ad- 
hMad  flaw  in  tta  ^dnilir  of  oofait  B.  However,  a  doas 
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C8K*  10  Blow  wBib  vRUNvi  iU  ^p^OBmwII  01 UW  BOT* 


nouUi  int^ral  to  the  streamline  connecting  points  A 
and  B  auMiming,  temporarily,  that  the  flow  is  steady 
so  that  tte  eddies’  reqxmse  (to  the  establishment  of  a 
mutual  boundary)  consists  indeed  of  a  moe  adjust¬ 
ment  in  the  vidnity  of  pemt  B, 

«aV2  “  iibV2  +  g'ftB,  (2.1) 

where  Ua  is  the  upstream  speed'  (in  the  x  direction) 
along  the  fiont  (point  A ),  and  and are  the  speed 
and  depth  at  B. 

Since  Ag  is  always  positive,  (2.1)  implies  that  «b 
<  Ua  .  However,  if  tlw  steady  re^nse  is  in  the  manner 
shown  in  the  lower  panel  of  2,  as  we  have  tem¬ 
porarily  assumed,  then  continuity  imiflies  that  there 
mud  be  some  convergence  across  the  line  connecting 
point  B  and  the  center  of  the  vortices.  This  suggests 
that  ub  >  Ua.  The  above  conditions,  required  by  the 
continuity  equation  and  the  Bernoulli  prindple,  are 
obviously  incompatible,  suggesting  that  there  caimot 
be  a  streamline  connecting  A  and  B.  Instead,  it  is  ex¬ 
pected  that  there  will  be  a  band  of  water  flowing  around 
the  eddies  in  a  clockwise  numner  (Fig.  3).  In  other 
words,  particles  moving  along  the  vortex  ed^  (i.e.,  the 
front)  do  not  have  sufficient  energy  to  rise  to  point  B 
and,  therefrHe,  must  go  around  their  adjacent  vortex 
where  the  fluid  is  lower. 

A  formal  proof  for  the  inevitable  existence  of  the 
edge  intrusion  is  given  in  the  following  sections  with 
aid  of  the  so-call^  padlodc  flow.  However,  it  should 
be  pointed  out  that  for  the  special  case  corresponding 
to  Ua  =  0  (i.e.,  a  vortex  with  a  zero  speed  along  the 
edge)  no  proof  is  teaOy  necessary  because  under  such 
conffitions  (2.1)  can  never  be  satisfied.  The  establish¬ 
ment  of  tentaclelike  ed^  intrusions  along  the  rims  of 
both  edffies  oeates  a  structure  similar  to  that  displayed 
in  Fig.  4a.  As  time  goes  on  the  tentacles  become  longer 
and  longn’.  Since  the  volume  of  each  vortex  is  finite 
the  tentacles  will  ultimately  form  a  single  vortex  con¬ 
sisting  of  two  adjacent  qxrrds  (Fig.  4b). 

By  equating  the  volume  of  each  individual  blob  to 
the  amount  of water  drained  via  the  lengthening  of  the 
tentacles  it  is  possittie  to  estimate  the  total  merging 
time.  SpedficaDy,  suppose  that  €R^|  denotes  the  dis¬ 
tance  that  each  vortex  is  initially  “pushed”  into  its 
counterpart  (v4iere/{tf  isthedefrmnation  radius  which 
is  of  the  same  order  as  the  radius  of  the  eddy )  and  that 
h  denotes  the  eddy  central  dqith.  Also,  ler^  that  the 
intrusfon  advances  in  a  similar  ffishkm  to  a  gravity 
cunent  so  that  the  propagatkm  rate  is  of  the  order  of 
the  Kelvin  wave  speed  (cg'A)'^*  (e4;.,  see  Griffiths 
1986).  With  the  ttd  of  this  information,  we  can  now 
equate  the  volniae  of  eadi  eddy  to  the 

tmnfiBOfiliak  [t X^,  the  lutnuidB  width,  times  the  in- 


'  For  darky,  Ite  dtMlioB  of  qrmboii  k  glwa  in  both  the  text 
and  in  appendix. 
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Flo.  4a.  Sdiematic  diasnun  of  the  edge  intrusion 
in  an  advanced  stage. 

trusion  depth  ~0(cA)  and  the  intrusion  propagation 
speed  multiidied  by  the  meiging  time 

((„).  This  gives, 

t„  -  0(/€»'*)-'  (2,2) 

Miich  shotws  that  if  the  relative  distance  that  each  vor> 
tex  is  “pushed”  into  the  other  is,  say,  0.1  and  the  Co- 
ritdts  parameter /is  -^lO**  sec~',  then  the  merging 
time  is  roughly  M  days. 

The  above  processes  strongly  suggest  that  meiging 
will  indeed  take  plaoe.  There  remain,  however,  two 
important  aspects  that  need  to  be  addressed.  The  first 
is  that  we  stQI  need  to  rigorously  prove  that  the  intru¬ 
sions  ate  indeed  inevitaMe.  The  second  is  that  we  need 
to  explain  how  the  potential  vtHtkity  is  aheted  during 
die  m^ng.  The  fonner  aspect  is  rigorouriy  discossed 
in  sectkms  3-5  whereas  the  hater  is  quaKtativriy  ad¬ 
dressed  bdow. 

It  is  argued  tli^  the  iteration  of  potential  vorticity 
is  probably  adiieved  via  the  action  of  shock  waves*  in 
the  nose  of  the  intrusion.  The  fact  that  intrusions  ccm- 
tain  botes  is  not  new.  It  was  first  pointed  om  by  Ben- 
jaaiito(196S)fiarnonraiatiii|fiows.Thelabotat^ex- 
pesimeats  of  SMB  Slid.  (1982),  OfiAte  and  Hopfin- 
ger  (t9l3),aad  KiAohawa  sod  Hanawa  (1984),  aad 
a»aaal)wApwsBiiwdbyShMpeon(l982)aBd<3tiflihs 
(t986)«iigsst  tfaM  mMing  iatrasioM  along  stralgla 
ooasdfiaits  also  ooottia  ibock  waves. 

Also,  the  study  0fNtrf’(l987)  has daasoBslrsied  diet 
the  abUBCS  of  duck  waves-la  an  infinialoii  stong  a 


*]te*‘iheeh«ens’*(8rtaidwtMSB«iaiMid4igtt4boo»- 
Mnfsi  IS  ettfm  4nw  ■  a  vMMi  UilMMa  segn.  tlisy  eermiNMd 
ts  a  SiiBMt  Massa  SMgmiBt  aai  SMgniNs 


coast  is  only  posstUe  undo:  rather  qiedal  conditions. 
That  is,  it  has  been  demonstrated  ti^  steadily  prop¬ 
agating  solutions  vriiidi  do  not  involve  shock  waves 
are  only  possiUe  for  qpedfic  circumstances.  These  spe¬ 
cial  solutioBS  are  not  the  most  general  solution  to  the 
problem  wfa^  must  invtrive  steepening  and  dissipation 
associated  with  d^ith  discontinuities.  In  an  indepen¬ 
dent  study,  Nof  ( IMfib)  has  demonrirated  that  rotating 
shodt  waves  cause  a  nu^  alteration  o{  potential  vor¬ 
ticity.  We,  tiierefore,  speculate  that,  as  ^  fluid  is  in¬ 
truding  along  the  adjacent  vortex  edge,  its  potential 
vorticity  is  altered. 

Note  that,  during  the  merging,  all  the  fluid  in  the 
vortices  is  processed  by  the  shocla  so  that  the  potential 
vorticity  all  the  fluid  is  altered.  Griffiths  and  Hop- 
finger  (1987)  argue  that  this  was  not  the  case  in  their 
merging  experiment  They  contend  that  in  their  linear 
eddies  only  a  small  fiuction  of  the  fluid  could  be  pro¬ 
cessed  by  the  shock.  While  this  could  have  been  the 
case  in  their  experiments,  intrusions  with  zero  potential 
vortidty  such  as  ours  will  process  all  the  fluid  contained 
in  the  vortex.  This  can  be  easily  seen  by  examining  the 
system  in  a  coordiiute  system  moving  with  the  intru¬ 
sion’s  nose.  It  is  expected  that  in  such  a  system,  all  the 
intruding  fluid  win  circulate  through  the  shock  because 
the  shear  is  of  0(1).  Unfortunately,  a  quantitative  de¬ 
tailed  analysis  of  ^e  shocks  in  the  intrusion  is  quite 
complicated.  It  is  beyond  the  sct^  of  this  study  and 
will  be  the  subject  of  a  future  investigation. 

This  completes  our  qualitative,  and  somewhat  spec¬ 
ulative,  dest^ption  of  the  merging  processes.  We  now 
turn  to  the  rigorous  part  of  the  analyris  where  the 
"padlock”  flow  is  arudyzed. 


lha  SiMBate  diaina  of  hsnnkw  in  the  Bail  iwgr. 

NewAptBeiiwemeqfinoeeimheBeBWihehanMicM"leek*‘eM 
iM  MOT  oi  QW  ^Kinnn. 
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3.  The  etoe^  ‘‘paAock*’  flow— fovening  eqooiioas 

The  present  eecsum  has  two  auns.  First,  we  want  to 
show  that  the  eddy’s  reqwnse  to  the  ptesence  of  the 
Grinder  cannot  consist  of  a  mere  adjustment  in  the 
contact  area  (t%  S).  Naiady,  we  wish  to  prove  that 
there  must  alwaysbe  a  flow  around  the  c^der  so  that 
the  time  depen^t  intrusion  (Fig.  6a)  is  inevitable. 
The  second  um  is  to  find  how  the  eddy  responds  to 
the  (breed  c^iiider.  Specifically,  one  would  like  to 
compute  the  padlock  flow  qreed,  width  sukI  depth  as 
a  function  of  the  distance  ttat  tte  c^der  is  pushed 
into  the  eddy.  Because  of  the  inherent  nonlinearity  of 
the  pnAlem,  vriiich  has  not  been  removed  by  our  sim- 
plifiintion,  it  is  unlikely  that  one  will  be  aUe  to  find 
analytical  solutions  for  the  whole  field.  Consequently, 
we  shall  nuke  an  attempt  to  find  the  desired  flow  pat¬ 
tern  without  solving  for  the  entire  fidd. 

a.  General  description 

Consider  the  system  shown  in  Fig.  fib.  The  origin  of 
our  coordiiutes  system  is  located  at  the  center  of  the 
cylinder;  it  wiU  b^me  dear  later  that  this  choice  is 


FKi.  6s.  The  initial  intruaion  staae.  Ultiiiiately.  the  intrusion  reat¬ 
taches  Hsdf  to  the  eddy  and  a  steady  “padlock”  flow  is  established. 


not  arbitrary.  The  x  axis  is  perpendicular  to  the  line 
cormecting  the  center  of  the  cylinder  with  the  center 
of  the  vortex;  the  y  axis  is  a  continuation  of  the  above 
line  and  the  system  rotates  uniformly  at / /2  about  the 
z  axis.  The  p^ock  flow  is  embedded  in  an  infinitely 
deep  motionless  layer,  its  potential  vortidty  is  zero. 
The  way  that  the  padlock  flow  is  concqytually  formed 
is  not  impmtant  for  our  arulysis.  It  is  useful  to  point 
out,  however,  that  one  can  ^nk  of  several  ways  by 
which  it  can  be  established.  An  obvious  procedure  is 
to  T^yskally  force  the  cylinder  into  an  etMy.  Another 
mdhod  is  t^  cruiodptually,  pull  out  a  long  tube  (con¬ 
taining  heavy  fluid  udiidi  is  not,  necessarily,  at  rest) 
in  the  neqhborbood  a  sdkl  cylinder.  A  third  method 
would  be  to  irqect  the  heavy  fluid  near  the  bottom  of 
the  cjdinder. 

Wlwtevet  geiietation  rnethod  is  used,  ttwre  will  be 
some  period  o(  aCQustnmtt,  and  ultimately,  a  steady 
flow  vrifl  be  cstabiiriied.  At  this  final  stage  (Fig.  fib)  the 
boundary  of  the  solid  cytiader  exteadt  beyond  the 
boondaiy  of  a  two  potential  vorticity  eddy  whose  depth 
Mid  center  are  atigned  with  those  of  the  parflock  fl^. 
We  define  tins  latter  vostex  to  be  our  “midistiirbed” 
eddy  even  though  it  is  not  neoessarily  ideatical  to  the 
teiiisi  lens  dnoto  flie  time  dependent  processes. 

As  stated,  tiie  maimer  in  wliidk  the  padlodc  flow  is 
estahiitilied  is  not  important  fiar  tiie  present  uaiysis. 
What  we  wish  to  find  out  is  whether  or  not  the  final 
at&uwed  stale  cm  only  he  asaociated  with  a  pndiock 
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no.  6b.  Schematic  diagnm  of  the  '^padlodt”  Sow.  Point  A  is  defined  as  the  point 
at  which  the  speed  of  the  padlock  flow  vanishes;  ft  is  the  depth  at  A  and  the  radius  of 
theundiwutbed  vortex  (which  is  centered  at  A  and  has  a  maximum  depth  ft)  is 
inn^  Iwheie 


flow.  Namely,  we  aik  the  following  questioa:  b  there 
a  sdutkm  conespondiiig  to  a  mere  aiiQustmeiit  in  the 
contact  area?  The  aatwCT  to  the  latter  qoestkm  would 
be  positive  if  the  width  o(  the  padkxh  flow  tuns  out 
to  zero.  We  slndl  see  ttiat  fob  b  not  foe  case;  i.e., 
we  shall  see  that  there  must  be  a  flow  azbund  foe  cyl¬ 
inder  whenever  the  edge  foe  uadistuibed  vortex  ex¬ 
tends  beyond  foe  surfliice  of  the  cyflnderC*  vi'O). 

b.  Governing  tqiMUms  for  sections  I.  2  and  3 

The  governing  equations  f(M’ foe  final  adjusted  state 
mt  foe  usual  shaBow  wsfier  equatioas.  For  a  pudDock 
flow  wifo  aero  pomtial  vortk^  we  have, 

9e,/6x  -  Hh/by  +/ -  0,  /  -  1, 2,  3  (3.1a) 

(3.1b) 

'^{Vft)  +  ^(*i«V)«0^  i-1,2,3  (3.1c) 


where  u  and  v  are  the  horizontal  depth-independent 
relocity  components  in  the  x  and  y  direction,  and  foe 
subscr^  1, 2  and  3  denote  that  foe  variable  in  ques¬ 
tion  b  associated  with  sections  1, 2  and  3,  respectively. 
Note  that  because  of  foe  symmet^  of  the  proMem  (i.e., 
o  *  0,  fix  0  along  cross  sections  1,  2  and  3)  tte  x 
momentum  equatkm  [dui/dx  +  Vt(dutldy)  -  fvt 
»  ~g’{dhldx)]  and  the  continuity  equation  (3.ic) 
imply  that 


In  addition,  note  that,  as  in  mmiy  radially  symmetric 
eddies,  dD|/dx  b  nor  necessarily  zero  where  X  >  0  even 
tho«8ihv*0. 

The  boundary  conditions  fiirsectiou  1,2  and  3  are 
fi,  «  0;  y~  -ro(l  -  *) 

-4V2*ilrf-2l^-JWI  -  Yi)  (3.3a) 
fii-A;  )'--/b(J -*)-2V2-Jlrf  (3.3b) 


894 


JOURNAL  OF  PHYSICAL  OCEANOGRAPHY 


Volume  18 


Mi  =  »i=0;  y  ^ -ro{\  -  t)  -  2}l2’ Ra  (3.3c) 

Iiii*1^_„(i-,)-2VI-a/2-7i)  *  I“3^Jr-<»<i+73)  (3-^) 

+  2g‘h2]y,-r,  =  (uj^  +  2My.^  (3.5a) 

fh  *  fr,  y  =  -ro(l  -  c)  -  2V2 •  Jlrf  (3.5b) 

«2  =  V2  =  0;  y  =  -ro(i  -  e)  -  2V2  •  Rj  . (3.5c) 

hi  =  0;  y  =  ro(l  +  >3).  (3.6) 

where  ro  is  the  raditn  of  the  cylinder  and  is  the 

deformation  radius  baaed  on  the  depth  at  the  center 
of  the  padkxk  flow  (i.e.,  where  the  speed  vaniato)  so 
that  the  radius  of  the  undisturbed  vortex  is  2}/2- R^. 
The  Yi  and  73  denote  nondimensional  locations  at 
which  the  depths  ofthe  flow  in  aectirms  1  artdSvanish 
(Fig.  6b).  G>nditioos  (3.3a)  and  (3.6)  state  that  the 
depth  of  these  flows  vanishes  at  some  unknown  loca¬ 
tion;  conditions  (3.4)  and  (3.Sa)  reflect  the  conser¬ 
vation  of  energy  along  the  streamlines  that  bound  the 
flow  from  left  and  right  (looking  downstream). 
Namely,  (3.4)  and  (3.5a)  are  sim{fly  a  result  of  an  ^ 
plication  of  the  Bernoulli  integral  to  the  streamlines 
connecting  G  and  E,  and  B  and  D  (see  Fig.  6b).  Con¬ 
ditions  (3.3b)  and  (3.Sb)  state  that  at  A  the  depths  of 
the  two  sections  are  identical  to  some  given  de^  (h) 
and  (3.3c)  and  (3.Sc)  reflect  the  requirement  for  a 
vaniiUng  tspted  at  the  center  of  the  vortex. 

It  is  important  to  distingi^  dearly  between  the  urr- 
disturbed  state  and  the  initiat  state.  As  mentioned  be¬ 
fore,  the  undisturbed  vortex  is  defined  as  a  zero  poten¬ 
tial  vortidty  vortex  which  is  centered  at  the  center  of 
the  padklock  flow  (i.e.,  the  point  where  the  vdodty 
vanidies)  and  has  the  same  dnth  as  the  maximum 
padlock  flow(A);  its  t«dhiais2V2'  The  initial  state, 
on  the  other  h«^  is  the  state  which  leads  to  the  in¬ 
trusion  and  the  padlock  flow— of  no  interest  for  the 
present  study. 

c.  Constrmnts 

The  flows  in  the  various  sections  are  connected  to 
eadi  other  via  (3.4)  and  (3.5)  but  there  are  two  ad- 
ditkmal  oonstnittts  that  tte  urtioiown  wiables  must 
satisfy.  The  first  results  simply  from  continuity  and 
can  be  written  in  the  fivm, 

W|hi<fy  +  ujhiify  +  ujtidy  -  0.  (3.7) 

The  second  erttialiott  wiB  be  derived  from  the  con- 
senndioB  ofteeqne.  As  ia  Nof  (19<6a),  we  begin  by 
noting  that  the  atosantt  of  nMMasiitiim  corresponds  to 
the  cross  prodact  of  the  position  vector  raral  the  mo- 


To  show  that  (3.8)  provides  an  additional  connection 
between  sections  1, 2  and  3,  it  is  multiplied  by  h  and 
the  continuity  equation  (3.7a)  is  incorporate  This 
gives 

^  (Aa^y)  -F  y  ^  ( Aim)  -  fvyh  +  (A  V) 

-x4-  (Arm)  -  ^  (Ax»*)  -fuhx 
dx  oy 

-“(A^jc)  =  0,  (3.9) 

wfakdt  can  be  rearranged  and  integrated  over  the  region 
shown  in  Fig.  7,  to  give 

I /  ^  ^  ~  Awxjdxdy 

— «0 

+00 

-ao 

X<icdly  =  0  (3.10) 


Q 

Fio,  7»  As  lIsilistiOB  of  tts  isMintkMi  im  fbf  Ae  oosuwtotios 
01  Ini  tofouB  snocMiBQ  mm  isi  psaiopt  sow. 
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wbeie  ^  is  a  streamfimcdon  d^ned  by 


d}> 


vh. 


(3.11) 


By  usiiig  Stokes’  theorem,  (3.1 1)  can  be  written  in  the 
fonn. 


-fi^y  +  y  h^y  ~  huvx^dy  -  ^  ^/tuny 


-hxo^+filix-^h^x^dx  =  0.  (3.12) 

where  ^  is  the  boundary  of  the  flow.  This  equation  can 
be  further  simiflified  by  defining  ^  to  be  zero  along  the 
edge  where  A  ^  0  and  noting  that  along  any  streamline 
udy  =  vdx.  This  gives. 


f  (.hu^-f4i  +  g‘h^f2)ydy 
Jo 

+  f  (hu^  +  g’h^/2)ydy 
Jd 

+  £  (-/i^y  +  g'h^y/^)dy 
-  £  (fi^x  -  g'h^xl2)dx  =  0.  (3.13) 


In  deriving  (3.13)  it  has  been  taken  into  account  that 
the  sum  of  the  integrals  of  A«^y  and  huvy  along  BD 
vanishes  because  there  is  no  normal  flow  through  the 
boundary  of  the  cylinder. 

The  first  two  terms  in  (3.13)  are  the  moments  of 
the  flow  force  in  sectkms  l,2and  3.  The  last  two  terms, 
on  the  othCT  hand,  represent  the  torque  corresponding 
to  the  pressure  exerted  on  the  cj^nder  by  the  sur¬ 
rounding  flow.  Since  we  chose  our  wigin  to  be  in  the 
center  of  the  c^inder  and  the  pressure  is  always  per¬ 
pendicular  to  die  surfiKe  with  which  the  fluid  is  in 
contact,  we  would  eiqwct  this  torque  to  vanish.  It  is 
easy  to  show  that  since  the  cylinder  surflme  is  given  by 
a:* +  we  have  j«tr  +  -  0  so  that  the  sum 

of  the  last  two  intqpab  in  (3.13)  equals  zero  as  ex¬ 
pected.  Hence,  the  int^rated  torque  takes  the  simifle 
fimn, 

(Ai«i*  -fin  +  g'hi^/2)yify 

+  £  (Ar«b*  -f'h  +  g'lh^f2)ytly 
+  J|^(W-/^3  +  g'As*/2)yrfy-0,  (3.14) 


tiiMW  we  have  rncoqiofated  our  specid  notation  fix 
ttnwBhMsaBctions, 


4.  Scaling  and  expansion  cS  the  padlock  flow 

a.  The  basic  state 


Before  discussing  the  scaling  of  the  problem  and  the 
general  structure  of  the  expansion,  it  is  instructive  to 
look  at  the  details  of  the  basic  state.  The  structure  of 
the  zero-order  state,  corresponding  to  the  cylinder 
"kissing”  an  eddy  with  zero  potential  vorticity,  is  not 
a  iHiori  obvious.  To  show  this,  consider  the  tqr^cation 
of  the  Bernoulli  integral  to  the  surface  of  the  cylinder 
(3.5).  It  unices  that  even  when  <  0  the  velocity 

along  the  cylinder  sur&ce  is  of  0(1)  because  the  eddy 
speed  along  the  edge  is  0(1)  [see  (1.1)  with  r 
=  2(2|^A) *'*//].  As  in  Nof  (1986a),  this  means  that 
^  basic  flow  around  the  cylinder  is  not  zero;  rather, 
it  consists  of  an  infinitesim^  ribbon  flowing  at  a  qreed 
(2g’hy^.  To  find  the  details  of  this  ribbon  flow  it  is 
noted  that  even  though  the  basic  state  contains  only 
an  infinitesimal  strip,  it  must,  of  course,  satisfy  the 
equations  of  motion. 

In  this  context,  it  is  convenient  to  consider  the  po¬ 
tential  vorticity  equation  aiul  momentum  conservation 
in  cjdindrical  coordinate  (r,  d), 

;^(n5;)+/=0  (4.1) 


r 


(4.2) 


where  tl^  is  the  tangential  velocity,  the  bar  ( ~ )  indicates 
association  with  the  basic  state  and  we  have  assumed 
that  the  basic  flow  is  purely  tangential  (i.e.,  tv  =  d/dd 
=  0).  The  most  general  solution  of  (4.1)  and  (4.2)  is 


where  a  is  an  unknown  constant  and  we  have  used  the 
condition  A  =  0  at  r  =  r©.  Since  at  r  =  r©  the  absolute 
value  of  the  velocity  must  be  {Ig'ky'^  (in  order  to 
satisfy  the  Bernoulli  relationship  along  the  surface  of 
the  cjiirxler),  we  find  from  (4.3)  that 


«  “  Y  (h>  -  2V2ilrf)  (4.4) 

where  Namely,  for  any  given  cylinder 

(h))»  we  must  take  a  specific  value  for  a.  Foram^idty, 
we  shall  consider  only  cyflnders  with  r©  =  2nRi  so 
that  a  -  0.  Other  cylinders  can,  (rf'ooiicse,  alsobecon- 
sidered  and  the  solution,  wliidi  win  be  dKHtly  derived, 
CM  be  easily  extended  to  cylindOT  with  aHdiametm. 
However,  such  extended  aolotions  do  not  provide  any 
new  physkasl  insights  and,  therefore,  are  not  presented. 


b.  Scaling 

InflKsubeequentamflysbthefiillowingtiondimen- 
sional  variables  win  be  used: 
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u*  o*  » 

h*  =  hlh 

X*  “  x(R^^,  y*  «■  ■ .  (4.5) 

rj  “  ro/jRd  =  2V2;  r*  =  rlR^ 

Ki  “  ig'hy'^/f  . 

Note  that  in  secticms  1  and  3,  which  are  located  &r 
from  the  contact  area,  the  flow  is  taken  to  be  purely 
tangentiid.  This  is  deariy  nipported  by  our  laboratory 
eyjeriment  (section  6).  In  section  2,  however,  some 
deviations  fr^  radiaOy  symmetric  motion  are  possibie 
because  ofthe  presence  of  the  cylinder.  In  view  of  this, 
we  shall  use  polar  coordinates  for  sections  1  and  3  and 
Cartesian  coordinates  for  section  2.  [The  subscript  d 
will  denote  association  with  polar  coordinates  <i.e., 
is  the  azimuthal  speed)  wher^  the  lack  of  a  subscript 
will  indkate  that  the  variable  in  question  is  associated 
with  Cartesian  coordinates.]  For  section  I  it  is  con¬ 
venient  to  transfer  the  coordinate  system  and  use  cy¬ 
lindrical  coordinates!^,  d)sitiuited  at  the  ceiiter  ofthe 
padlock  flow  [0;  -ro(2  -  c)].  In  terms  of  the  nondi- 
mensional  numbers  defined  by  (4.S),  the  governing 
equations  for  this  section  are 

™(«5,)+l»0;  (8,)Vf+0,  =  ^  (4.6a) 

where  d  are  rdated  to  the  original  coordinates  system 
(X*,  y*)via, 

rsind  =  y*  +  21^(2  -  «);  foosd  =  x*  (4.6b) 

[Le.,  p  =  y*  +  21/2(2  -  =  x*].  For  section  3  it 

is  not  advantageous  to  trailer  the  coordinates  system. 
We,  therefore,  take, 

(4.6c) 

The  nondimensional  equations  for  section  2  are 
fouitd  fixnn  (4.5)  and  (3.1)  to  be 


dx*  ~  dy* 


0 


(4.7a) 


*  dx*  ^  dy* 


whare  ««  hawe  taken  iittoaocoBiit  ^  «f  «  0  because 
tiftywirttry  (NMe,  however,  that,  as  mentioned  be- 
flMn,  flhatanBis  eoatatoiatdvf /dx*  am  not  oecesaarily 
sera  even  thonih  of  *  0.)  Tte  boundary  conditions 
(3.3)-(3.6)  tdce  the  form, 

A?-05  y*-~2l/5(3-«-yL)  (4.fa) 


AT  =  1;  y*  =  -2V2(2  -  0  (4.8b) 

mT  =  t»T  =  0;  y*  =  -2V2(2  -  0  (4.8c) 

I(«T)^]>-w2y5(3-.-T,)  =  {{«?  )^ly^2V^I+T3)  ('*•9) 

I(«f)^  +  2Af]^-2V5 

=  I(MT)2  +  2Afl^2V2  (410a) 
Af  =  l;  y*  =  -2^(2-0  (4.10b) 

«!  =  »!  =  0;  y*  =  -2V2(2  -  t)  (4.10c) 

AJ  =  0;  y*  =  21/2(1  +  73)  (4.11) 

Similarly,  the  constraints  (3.7)  and  (3.14)  can  be  ex¬ 
pressed  as, 


aTATdy+  I  uJAfdy* 

■2VI(J-<-t,)  J-2,/5(2-.1 

J*2yi(l+'vj) 

ufhtdy*  =  0  (0 

2^1 

£-2v^<2-.) 

[Ar(ur)^-i^T+(AT)V2]y*dy* 

2V5(J-.--r,) 

J-2y/2 

[Af(Mf)2-^f +(AJ)V21y*</y 

■2J2(2-.) 


uthtdy*  =  0  (4.12) 


-2VI(J-.-t,) 


[Af(Mf)2-^f +(AJ)V21y*</y* 


J-2J2(2-i} 

/-2V2(1+Tf)) 

+  +my/2]y*dy* 

J-2y/2 

=  0.  (4.13) 

c.  Perturbation  expansion 

As  in  Nof  (1986a ) ,  the  expansion  in  c  is  not  straight¬ 
forward  for  two  reasons.  First,  as  already  pointed  out, 
the  basic  state((  =  0)contains  speeds  of  0(1).  Second, 
the  choice  for  the  origin  of  the  coordinates  system  im- 
idies  that  the  basic  flow  is  a  function  of  c.  Recall  that 
the  choice  of  the  origin  for  the  coordinate  system  was 
“imposed”  by  the  use  of  the  integrated  torque.  If  the 
origin  were  in  any  other  location,  then  the  integrated 
torqw  assodated  with  the  pressure  along  BOD  would 
have  remained  nonzero  thus  making  it  impossible  to 
connect  the  three  sections.  It  will  become  clear  shortly 
that  while  these  conditions  nnake  the  expansion  some¬ 
what  mote  involved  they  do  not  present  any  funda¬ 
mental  difi&culty. 

It  is  assumed  that,  for  sections  1  and  3,  the  expansion 
has  the  form, 

-  -f/2  +  t®y/  +  +  .  •  •  (4.14a) 


A,  *  1  -(OV8 +  <*/'>  + . 

Yi  *  ty/*’  +  t^7i***+  •  •  • 

»Jj  “  -r*/2  +  ruiV  +  +  • .  • 

Af  -  1  -  (r*)*/8  +  +  **Aj‘*>  + 

T3  •  +  **Yj**’  +  *  •  *, 


(4.14a) 

(4.14b) 

(4.14c) 

(4.1Sa) 

(4.15b) 

(4.15c) 
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where  (4.3)  and  (4.3)  have  been  used  to  express  the 
terms  cont^nd^  to  the  basic  state.  Note  that,  as 
before,  the  tilde  (*)  denotes  association  with  a  polar 
coordinates  system  whose  origin  is  located  at  the  center 
of  the  eddy  instead  of  the  center  of  the  cylinder  (jc* 
=  ji*  =  0).  The  relationship  between  rand  x*  and  y* 
is  easily  found  from  (4.6b)  to  be, 

{(X*)*  +  ty*  +  2^(2  -  €)]^}‘«.  (4.15d) 

As  in  Nof  (1986a),  the  expansions  (4.14)-(4.1S) 
take  into  account  that  the  width  of  the  flow  around 
the  cylinder  (73)  is  0(€R^^)  because  this  is  also  the 
width  of  the  flow  block^  by  the  cylinder  (i.e.,  section 
BB',  Hg.  6b).  In  other  words,  the  width  of  the  flow  in 
section  3  is  of  the  order  of  the  distance  that  the  cylinder 
is  “pushed”  into  the  eddy.  The  depth  near  the  cylinder 
boundary  in  section  3  must  be  of  the  same  order 
as  the  depth  at  B  because  the  blocked  transit  is 
0(g'/iB^/2/)  and  the  transport  at  cross  secti'^n  3  is 
0(g'A3w/2/),  where  hj„  is  the  depth  nedr  the  wall  at 
section  3.  Namely,  a  Taylor  series  expansion  (around 
the  edge  of  the  undisturbed  eddy)  for  the  de^  at  B 
diows  that  ha  0{th)  and,  consequently,  hi^ 
0(cA).  These  scales  are  consistent  with  the  scales 
that  one  finds  along  the  immediate  vicinity  of  the  rim 
of  any  lens-tike  eddy. 

As  mentioned,  in  section  2  the  flow  is  not  necessarily 
radially  symmetric  so  that  the  expansion  is 

«f  =  [y*  +  2)12(2  -  0]/2 

+  +  •  •  •  (4.16a) 

=  -x*/2  •+  +  •  •  •  (4.16b) 

Af  =  1  -  (y*  +  2V2(2  -  «)]V8 

+  <A2'"  +  «^A2'^’+  (4.16c) 

Recall  now  that  because  of  our  choice  for  the  origin 
of  (x*,  y*),  our  basic  state  contains  c  when  it  is  ex- 
prmsed  in  terms  of  x*  and  y*.  While  this  does  not 
create  any  difficulties,  it  is  perhaps  more  elegant  to 
cxprtat  (4, 16a)  and  (4.16c)  in  the  form, 

Kf  =  [y*  +  41^1/2  +  *(«2“>  -  ^) 

+  «*a2*^’+*--  (4.17a) 

AJ  *  1  -  (y*  +  4)^)V8  +  «(A2‘'’  +  y*V2/2) 

+  «*(A2<^>- 1)+ •  • (4.17b) 

In  this  form,  the  power  series  are  expressed  in  a  way 
that  clearly  separates  the  zero-order  tends  finom  the 
renuuniiig  terms.  Hoeafter,  the  first  terms  in  (4.17) 
wiH  be  re^nred  to  as  to’"’  and  Ai””,  reqjectively. 


“.(r'CiV)  =  0.  (5.1) 

The  solution  is:  =  A\/f,  where  is  an  unknown 

constant.  Since  cannot  approach  infinity  at  the 
center  of  the  vortex  (f  =  0)  we  find  that 

cy.’  =  v4,  =  0  (5.2) 

and  =  B|  where  Ri  is  a  constant  to  be  determined. 
At  the  center  of  the  vortex  the  depth  h  must  match  the 
undisturbed  depth  ( A  =  1 )  because  of  our  definition  of 
the  basic  state.  Hence,  we  have  Bi=0  and 

A,<'>  =  0.  (5.3a) 

Also,  with  the  aid  of  (4.8a)  one  obtains, 

7,">  =  0.  (5.3b) 

It  is  a  simple  matter  to  show  that,  in  a  similar  fashion 
to  the  first-order  solution,  the  second-order  solution  in 
section  2  also  vanishes,  i.e., 

A*,U>  =  i)iV  =  7,<2)  =  0.  (5.3c) 


b.  Simplified  eQuations  for  section  2 
From  (4. 16 )  and  (4.7 )  one  finds  the  0(  e )  equations, 

dt>2*'*  _  dM2“* 
dx*  dy* 

^  dx*  *  '  dy* 


=  0 


dA2"> 


(5.4a) 

(5.4b) 


^  1(1  -  (y*?liW'^  +  A2<'>/21  =  0.  (5.4c) 


The  0(«^)  balances  are 


dt>2^  '  _  ^ 
dx* 


(2) 


=  0 


*  dx*  dx* 


dy* 

+  W2''’  = 


d^ 

dy* 


(5.5a) 


(5.5b) 


~  {tA2<'’y*/2  +  A2<'>«2"’ 


+  tl -(y*)V8lM2<"M  =0-  (5.5c) 

The  geometry  of  the  section  in  the  immediate  vicinity 
of  section  2  is  shown  in  Fig.  8. 


S.  SotatiM  tor  ffia  poAodt  flow 

a.  General  sohaUm  for  seaUm  1 

Substrtutkm  of  (4. 14)  into  (4.6)  and  elimination  of 
the  tman  corwiioodiiig  to  the  basic  state  gives  the 
C>(()  equtioB, 


c.  General  stfiution  for  section  3 

By  substituting  (4.15)  into  (4.6c)  and  eliminating 
the  basic  state,  one  obtains  the  equations. 
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fig.  8.  The  geometry  ia  the  vidnity  of  section  2. 


It  will  become  clear  shortly  that  the  term  containing 
Vei’  is  actually  0(e)  and  not  0(«^)  so  that  it  must  be 
included  in  the  0(e)  balance. 

To  simplify  the  structure  of  (S.7),  it  is  recalled  that 
the  first-order  flow  (in  section  3)  takes  place  within  a 
distance  of  0(e)  from  the  cylin^  surface  so  that,  as 
in  Nof  ( 1 986a),  one  may  inti^uoe  the  transformation, 

r*  =2\^(1  +e?*) 

where  I*  ~  0(1).  In  terms  of  this  new  variable,  (5.7) 
is, 

2V2  L2V2  df*  '  j 

which  shows  that  doiV/d{*  =  0.  This  and  (5.8)  give, 

nJV  =  Bj;  *3“’  =  Aj  (5.9) 

where  Bj  and  Aj  are  constants  to  be  determined  from 
the  boundary  conditions.  Substitution  of  (5.9),  (4.15), 
(5.2),  (5.3)  and  (4.14)  into  the  polar  veisioii  of  the 
boundary  conditions  (4.9)  and  (4.1 1)  gives 

(5.10) 


-(r*)V81  +  «d3 


2V2(1  +, 


which,  with  the  aid  of  (5.3b),  yields, 

Bj  -  V5y3“»;  A3  -  2y3<'>  (5.12) 

By  now,  most  of  the  first-order  solution  for  section  3 
has  been  derived;  the  only  part  that  is  still  missing  is 


73*'*.  As  we  shall  see,  there  are  two  equations  and  a 
toundary  condition  (4. 10a)  that  we  have  not  used  yet. 
The  latter  immediately  gives, 

V2m2<'>  =  *2*'*  at  y*  =  -2i2.  (5.13) 

d.  ne  torque  constraint 

Since  ( A  J )  ~  0(73 )  ~  0( « )  it  follows  that  the  third 
integral  in  (4.13)  is,  at  the  most,  O(t^).  With  the  aid 
ofthe  transformation  y  =  y*  +  2y2(2  -«)and(5.3b), 
the  approximate  form  of  (4.13)  [up  to  0(£^)]  can  be 
rewritten  as 

f  +  (A.)V2 J(j*  -  2V2(2  -  £)]dy 

+  £'^'[A2(«2)"-^2  +  (X2)V21 

X[i*-2V2(2-£)]dj*-(-O(€^)  =  0  (5.14) 

where,  as  before,  the  tilde  (  )  above  the  variables  u,  yl' 
and  h  indicates  that  they  are  expressed  in  terms  of  X, 
y.  Substitution  of (4.14),  (4.17),  (5.2)  and  (5.3)  into 
(5.14)  and  elimination  of  the  basic  state  gives, 

I2h2^v%^'^  +  -  1^2'” 

[»2"»(lJ2"’')' 

2y/T 

-  ^<‘’*  +  (^2“”)V2](j?  -  4V2)dj*  +  0(€^)  =  0. 

(5.15) 

This  equation  can  be  further  simplified  by  noting  that 
the  second  integral  is  associated  with  the  area  where 
^2*®*  0(«),  and  1^2 ~  O(e^)  so  that  it  is,  at  the 

most,ofO(t^).  Hence,  to  0(e),  (5.15)  reduces  to 
r2V2 

I2A2<®>iJ2“”fi2“>  + 

-  ^2“’  +  A'2*%‘”)(j*  -  4V2)dj*  +  0(€2)  =  0 
which,  in  terms  of  the  x*,  y*  coordinates,  is 

£'''^[2A2‘°’«2<°’«2‘'’  +  -  |A2<'> 

+  A2*°’A2''>]y*dy*  +  0(6^)  =  0.  (5.16) 

A  solution  satisfying  (5.16),  the  boundary  condition 
(5.13)  and  the  governing  equations  ( 5.4a-c )  is  simply, 

u^w  «  Aj*'*  =  =  0.  (5.17) 

This  leaves  only  one  unknown,  73*'*,  which  will  be 
computed  from  the  0((^)  balances. 

e.  The  second-order  balatKes 

Two  comments  should  be  made  before  discussing 
the  0(«^)  equations.  First,  the  0(  c)  continuity  equation 
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is  automatically  satisfied  by  the  0(()  solution  that  we 
have  derived  for  section  2.  Second,  although  the  0((^) 
continuity  constraint  involves  the  0(e)  variables  in 
section  3,  it  also  involves  the  O(c^)  var^les  in  section 
2.  In  other  words,  as  in  Nof  (1986a)  it  is  necessary  to 
find  the  O(c^)  scdution  in  sections  1  and  2  in  order  to 
obtain  the  0(c)  solution  in  section  3. 

In  view  of  this,  we  shall  consider  now  the  O(c^) 
potential  vorticity  equation,  the  momentum  balance, 
and  the  local  continuity  balance  for  section  2  [Eqs. 
(5.Sa-c)]  which  have  the  solution, 

=  =  (5.18) 

where  i  is  a  constant  to  be  determined. 

This  solution  satisfies  the  boundary  condition 
=  =  0  at  X*  *  y*  =  0  as  ^uired.  Together 

with  the  first- and  second-order  solutions  for  the  various 
sections  and  the  second-order  sttiution  for  section  1 
[relation  (S.3c)],  the  second-order  balance  of  the  in¬ 
tegrated  contim^  equation  gives 


Similarly,  the  solution  for  section  2  is 
aj  =  y/2  +  0.366>’c^  +  O(e^) 
rf  =  0 

Af  =  [1  -  (y)V8]  -  0.183(y)^c^  +  O(c’) 

(5.20c) 

which  in  the  (x*,  y* )  coordinates  can  be  written  as 
a?  =  (y* +  4V2)/2- V2-i 

+  0.366(y*  +  4V^)€^  +  O(c^) 

Af  =  [1  -  (y*  +  4V2)V8] 

+  c(y*  +  4V2)V2/2  ..  (5.20d) 

-  (0.183(y*  -f-4V2)^+  l]f^ 

+  0(c’) 

t?f  =  0 

For  section  3,  the  solution  is. 


1  +  28  *  (>j<'>)l  (5.19a) 

Similarly,  the  second-order  balance  of  the  integrated 
torque  (4.13)  yields 

3.4678 -- 3  +  (y3“>)*  =  0.  (5.19b) 

Equations  (5.19a)  and  (5.19b)  have  the  solution, 

I  yj<'>  =  1.316;  8  =  0.366  (5.19c) 

This  completes  the  derivation  of  the  solution. 

/  The  complete  solution 

The  total  solution  for  section  1  is 

af  -  m  +  O(c’) 

Af-ll-(;»)V81  +  0(c^) 
pf  -0 

>1  -  0  -F  0(c*) 

In  tenns  of  the  noattaiirfjnned  coordinates  [see 
(4.6b)I,  it  tikes  the  form, 

«T  -  +  4l^)/2  -  \^»c  +  0(e*) 

Ar-n-(y*+4lS)*/8J 

+  €(y*  +  4lS)l®/2  -  c»  +  0(c») 
ef  “  0;  71  -  0  +  0(e*) 

where,  as  fMimed  out  eailier,  tiie  terms  of  0(c)  in 
(5J0b)  are  aot  actual  'dyuamkal  pertuibetioni  but 
rsthararssidtofoiirehoioe  fortfaeoripin  oftbeco- 
ordinale  system. 


(3.20b) 


af  =  -y*/2+ 1.86U  +  0(t2) 

Af  «  1  -  (y*)V8  +  2.632c  +  O(c^)  ^l) 

yf  =  1.316c +  0(c*) 

Pf  =0 

Note  that  since  yf ,  the  width  of  the  intrusion  around 
the  cylinder,  is  not  zero  for  c  #  0  there  must  always 
be  a  flow  around  the  cylinder  as  stated  before.  Due  to 
the  cylinder,  part  of  the  circulation  in  section  2  is 
blocked.  Consequently,  the  flow  intensifies  near  the 
cylinder  surface  and  the  portion  of  the  eddy  flux  that 
is  “blocked"  (by  the  cylinder)  is  amifly  diverted  from 
its  original  position  to  the  perimeter  of  the  solid  cyl¬ 
inder.  The  solution  demonstrates  that,  no  matter  how 
small  the  penetration  of  the  cylinder  into  the  vortex, 
a  current  engulfing  the  cylinder  must  always  be  present. 

6.  Laboratory  erq^ufanents 

To  assess  the  weaknesses  and  limitations  of  the  fore¬ 
going  theory  a  set  of  simple  laboratory  experiments  on 
a  rototing  table  was  performed.  The  lens-like  eddy  was 
formed  on  the  bottom  of  a  cylindrical  tank  by  inj^ng 
dyed  salty  water  through  a  tube  (3  cm  in  diameter) 
containing  a  permeable  foam.  A  cylinder  (5  cm  in  di¬ 
ameter )  was  situated  a  distance  of  5  cm  away  from  the 
center  of  the  tank  where  the  iqjection  tube  was  located. 

First,  the  tank  (45  cm  in  diameter)  was  filled  to  a 
he^t  of  25  cm  and  rotated  oounterdockwise  at  a  uni- 
fivm  rotation  rate  until  the  vystem  reacbed  a  solid  body 
rotation.  The  experiment  began  whh  the  irtiection  of 
the  dyed  salty  water  fiom  the  botiom.  Tys  formed  a 
tens  with  a  central  height  of  a  few  oeatimetecs.  The 
tens  slowly  increased  in  siie  until  it  reached  the  edge 
oS  the  cjtinder  when  a  cylinder-teas  interaction  todk 


l  iG,  9,  Subsequent  photographs  of  a  (hi:  oralory-gcneraied)  lens-like  erfdy  responding  to  the  presence  of  •  solid  cylinder.  The 
sctpicntc  shows  (he  stiuclurc  of  the  eddy  ao.l  the  intrusion  during  the  various  stages  of  the  interaction.  Physical  con-  iants  /  -  3.35 
s  ',  A/Vn  -  I.CX)52;  T  =  2I.5'’C.  The  process  riiown  in  (a-f)  lasted  for  about  20  seconds;  the  diameter  ofthecylindc  is  5  cm.  Note 
that,  (i)  a  padlock  flow  is  indeed  establish',  J.  as  predicted  by  the  theory,  (ii)  the  eddy  docs  not  rotate  around  the  cylinder,  (iii)  the 
lens  reniiiins  rOughly  circular  .as  assumed  '  ;  the  development  of  the  theory,  and  (iv)  during  the  interaction  the  eddy  grows  in  time 
because  of  the  continuous  in  jection  of  dye  :  salty  water  through  the  bottom  (see  text). 
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Fig.  10.  The  coalescence  of  two  quasi-geostrophic  anticyclones  in  a  iwo-laycr  basin  (adapted 
from  Griffiths  and  Fic'pfinger,  I987),  Photographs  were  taken  at  the  elni»cd  limes  .shown  on  the 
counter  (in  background  rotation  periods).  Coalescence  begins  at  the  first  frame  and  ends  in  the 
second.  The  diamcler  of  the  eddies  before  the  interaction  was  1 8  cm:  for  other  details  see  Grifliths 
and  I-Iopfmgcr  1987.  Note  that,  as  the  interaction  begins,  fluid  from  the  blue  vortex  is  engulfing 
the  red  vortex  and  thu',  ultimately ,  two  adi-acclit  spirals  are  formed  as  suggested  by  our  model. 
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p!a{»:  rts  can  be  seen  in  Fig.  9.  the  intrasion  predicted 
by  the  theory  (and  shown  in  Fig.  6a)is  clearly  evident; 
also,  the  interaction  clearly  leads  to  a  padlock  flow  as 
suggested  by  the  thcoiy  ( Fig.  6b ) . 

It  should  be  pointed  out  that,  because  of  mechanical 
limitations,  the  injection  could  not  be  terminated  dur¬ 
ing  the  actual  execution  of  the  experiment.  Conse¬ 
quently,  the  lens  continued  to  slowb  grow  in  size  dur¬ 
ing  the  interaction  as  is  apparent  in  Fig.  9.  This  did 
not  have  a  major  effect  on  the  results  because  the 
growth  was  small  compared  to  a  propagation  speed  of 
the  intrusion.  It  should  also  be  mentioned  that,  due  to 
the  fact  that  the  upper  layer  was  finite  rather  than  in¬ 
finite  and  due  to  the  conservation  of  potential  vcrticity 
and  a.ngular  momentum,  a  weak  anticyclone  was 
formed  on  top  of  the  lens.  Its  influence  on  the  inter¬ 
action  as  probably  minor  because  the  ratio  of  the  lens 
depth  to  the  total  depth  was  small  ( about  1  / 1 0 )  so  that 
the  speeds  on  top  were  also  small. 

7.  General  comments 

Before  discussing  the  application  of  our  results  to 
actual  merging  in  the  ocean,  it  is  appropriate  to  com¬ 
ment  on  the  “replacement”  of  one  of  the  interacting 
eddies  by  a  solid  cylinder.  An  obvious  similarity  be¬ 
tween  a  colliding  eddy  and  a  colliding  cylinder  is  that 
both  features  dre  expected  to  exert  a  pressure  on  the* 
eddy  as  they  collide  with  it,  and  both  features  have 
similar  geometry  in  the  x-y  plane.  As  we  saw  earlier, 
the  exerted  pressure  is  the  key  to  the  merging  process 
and,  therefore,  it  is  believed  that  a  solid  cylinder  pro¬ 
vides  an  adequate  “analog.” 

However,  there  are  also  some  important  differences 
between  the  solid  cylinder  and  an  actual  eddy.  For  ex- 
cr..ple,  although  both  the  actual  eddy  and  the  solid 
cylinder  are  subject  to  pressure  forces,  the  former  can 
adjust  itsei*  to  the  surrounding  pressure,  whereas  the 
latter  remains  unaltered.  In  addition,  as  pointed  out 
earlier,  the  actual  eddy  is  drained  via  the  intrusions  so 
that  a  steady  state  is  not  reached  before  a  complete 
merging  is  achieved. 

While  we  should  be  on  guard  against  oversimplified 
models  (such  as  this  ore  may  seem,  at  first,  to  be), 
attacking  Lhe  complete  merging  problem  analytically 
appears  to  he  hopeless.  Even  numerical  integrations 
cannot  provide  the  desired  solution  because  of  the  dif¬ 
ficulty  in  handling  fronts  ^ =■  0).  Some  simplifications 
are,  therefore,  necessary  and  examination  of  the  cyl¬ 
inder-eddy  interaction  is  useful  for  understanding  the 
basic  processes  in  question.  Namely,  the  results  of  our 
analytical  study  pinpoint  the  effects  which  one  siiould 
look  for  in  niore  complicstcd  and  more  realistic  mod¬ 
els.  It  is  worth  pointing  out  that  there  is  a  similarity 
between  our  proposed  mepting  mechanism  (Figs.  3  and 
4)  and  the  laboratory  observations  of  Griffiths  and 
Hopfinger  (1987)  (see  Fig.  10).  Both  include  intcr- 
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leaving  spirals  even  though  Griffiths  and  Hopfinger’s 
(1987)  experiments  involved  linear  quasi-geostrophic 
eddies  whereas  our  process  addresses  nonlinear  lenses. 
aVs  pointed  our  earlier,  the  main  dynamical  dill'crcncc 
between  these  two  kinds  of  eddies  is  that  Griffiths  and 
Hopfinger’s  eddies  interacted  before  they  touched  each 
other  whereas  our  vortices  do  not  sense  each  other  un¬ 
less  a  mutual  boundary  is  established.  It  should  also 
be  pointed  out  that  the  numerical  experiments  of 
McCreary  and  Kundu  (1987)  also  suggest  that  merging 
takes  place  through  the  formation  of  intrusions  and 
arms. 

As  far  as  the  application  of  our  genera!  merging  pro¬ 
cess  to  Cresswell’s  (1982)  study  is  concerned,  it  appears 
that  the  essential  dynamics  may  be  similar.  Because  of 
the  simplifications  involved,  a  detailed  quantitative 
comparison  is,  obviously,  impossible.  However,  the  fact 
that  our  model  suggests  a  mechanism  for  eddy  merging 
is,  of  course,  in  agreement  with  Cresswell’s  observa¬ 
tions.  The  time  scale  for  merging  [relation  (2.2)  which 
gives  ~30  days  for  «  =  0.1  and /  ~  lO”**  s“']  is  also 
appropriate  even  though  it  is  difficult  to  say  what  the 
actual  value  of  e  should  be. 

A  potentially  serious  difference  between  Cresswell’s 
observations  and  the  present  study  is  the  fact  that 
Cresswcl!  's  eddies  were  with  unequal  densities  whereas 
our  model  addresses  eddies  with  identical  densities.  It 
is  easy  to  see,  however,  that  such  a  difference  is  not 
major  because  all  that  it  implies  is  that  the  mean  po¬ 
sition  of  the  intrusions  along  the  rims  will  not  be  taking 
place  on  the  same  level.  Instead,  the  mean  position  of 
the  intrusions  will  take  place  on  different  levels  as 
shown  schematically  in  Fig.  1 1.  The  major  causc'bf 
the  merging — the  establishment  of  a  mutual  boundary 
with  a  nonzero  vanishing  depth — is  present  in  both  the 
collision  of  eddies  with  equal  densities  and  the  collision 
of  eddies  with  unequal  densities.  The  laboratory  ex¬ 
periments  of  Nof  and  Simon  (1987)  on  eddies  with 
unequal  density  support  these  considerations. 

An  additional  aspect  of  Cresswc  l’s  study  that  is  not 
present  in  our  study  is  the  observation  of  a  clockwise 
migration  of  the  entire  eddies  (Fig.  1).  It  is  difficult  to 
say  what  the  causes  of  such  an  effect  could  be  but  it 
might  be  a  result  of  the  transient  merging  process  which 
we  have  not  studied  in  detail. 

8.  Summary 

A  conceptual  qualitative  model  for  the  merging  of 
two  isolated  lens-like  eddies  has  been  developed  with 
the  assumptions  that:  (i)  the  eddies  are  embedded  in 
an  infinitely  barotropic  fluid;  (ii)  with  the  exception 
of  shock  waves  which  arc  presumed  to  be  present  dur¬ 
ing  the  transient  merging  piocess,  all  motions  are  fric¬ 
tionless  and  hydrostatic;  (iii)  mass  is  conserved  during 
the  merging. 
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Ftc.  1 1 .  A  cross  section  of  pairing  vortices.  The  upper  panel  shows 
eddies  with  identical  densities;  their  merging  is  qualitatively  displayed 
in  Figs.  3  and  4.  The  lower  panel  displays  eddies  with  unequal  den¬ 
sities.  While  the  merging  is  generated  by  the  establishment  of  a  mutual 
boundary  with  a  nonvanishing  depth  as  in  the  equal  density  case, 
the  hnal  situation  is  different  from  that  displayed  by  Fig.  4a.  Here, 
instead  of  forming  two  adjacent  spirals,  the  lifter  vortex  is  “climbing” 
on  top  of  the  heavier  lens.  This  is  supported  by  the  laboratory  ex¬ 
periments  of  Nof  and  Simon  ( 1 987). 


Our  attention  has  been  focused  on  two  lens-like  ed¬ 
dies  (with  equal  densities)  which  are  pushed  against 
each  other  by  a  mean  flow  that  relaxes  after  the  eddies 
are  in  contact.  It  is  argued  that  the  establishment  of  a 
“figure  8”  structure  (associated  with  a  mutual  bound¬ 
ary  with  a  nonzero  depth)  forces  the  generation  of 
“tentacles”  and  “arms.”  These  features  correspond  to 
intrusions  along  the  eddies’  edges;  they  result  from  the 
fact  that  particles  along  the  peripheries  do  not  have 
sufficient  energy  to  rise  to  the  mutual  nonzero  depth 
(Fig.  2).  The  establishment  of  tentacles  causes  the  ed¬ 
dies  to  wrap  around  each  other  (Fig.  3).  As  time  goes 
on,  the  tentacles  become  longer  and  longer  so  that  they 
effectively  “drain”- the  vortices.  Ultimately,  a  single 
vortex  corresponding  to  two  adjacent  spirals  is  formed 
(Fig.  4). 

While  the  details  of  the  above  process  can  be  easily 
described  in  a  qualitative  manner,  it  is  impossible  to 
rigorously  prove  the  complete  process  anal^ically  be¬ 
cause  it  is  both  nonlinear  and  three-dimensional  (j:, 
y,  t).  It  is,  however,  possible  to  prove  analytically  that 
the  establishment  of  tentacles  is  inevitable.  To  'how 
this,  we  have  conceptually  replaced  one  of  the  inter¬ 
acting  vortices  by  a  solid  cylinder  (Figs.  5  and  6 ).  This 
simplification  removes  the  time  dependency  from  the 
problern  because  there  is  now  only  one  tentacle  which, 
upon  engulfing  the  cylinder,  forms  a  steady  "padlock” 


903 

flow.  Using  a  constraint  associated  with  the  conser- ' 
vation  of  torque  (i.e.,  moment  of  momentum)  and  a 
perturbation  scheme,  we  have  constructed  the  detailed 
solution  even  though  the  simplified  problem  is  nonlin¬ 
ear.  A  set  of  laboratory  experiments  supports  our  an¬ 
alytical  analysis  of  the  padlock  flow  (Fig.  9). 

With  the  aid  of  the  above*  model,  it  has  been  shown 
that  two  lens-like  eddies  which  are  compressed  against 
each  other  will  merge  within  the  period  ~0(e^''^/)“' 
[where  t  is  the  relative  distance  that  each  vector  is 
squeezed].  Following  Nof  and  Simon  (1987),  it  is 
speculated  that  during  the  merging  the  potential  vor- 
ticity  cf  penetrating  oceanic  vortices  is  itered  via  the 
action  of  shock  waves  near  the  nose  of  the  tentacles. 
This  is  based  on;  1)  several  studies  (e.g.,  Griffiths  1986; 
Nof  1987)  which  have  shown  that  transient  intiusions 
contain  breaking  waves  or  shocks  (bores)  and  2)  a  re¬ 
cent  study  (Nof  1986b)  which  illustrated  that  shock 
waves  cause  major  alterations  in  the  potential  vorticity. 
The  details  of  the  potential  vorticity  alteration  by  the 
action  of  shock  waves  in  the  intrusion  is  quite  com¬ 
plicated  and  is  beyond  the  scope  of  this  study;  it  will 
be  the  focus  of  a  future  investigation.  Finally,  it  should 
be  pointed  out  that  the  observations  of  Griffiths  and 
Hopfinger  (1987)  (Fig.  10)  and  the  recent  numerical 
experiments  of  McCreary  and  Kundu  (1987)  also  il¬ 
lustrate  that  the  merging  of  anticyclones  takes  place 
via  the  establishment  of  arm';  and  tentacles. 
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List  of  Symbols  . 

A],  Bi  Integration  constants  associated  with  (5. 1) 

Aj,  Integration  constants  associated  with  (5.7) 

and  (5.8).  Their  relationship  to  yj*'’  is 
given  by  (5.12). 

b  Radius  of  eddy  for  energy  calculations 

(section  1). 

E  Total  energy  (kinetic  plus  potential). 

f  The  Coriolis  parameter. 

g'  “Reduced  gravity”  igAp/p  where  g  is  the 

gravitational  acceleration  and  Ap  is  the 
density  difference  between  the  layers). 
h  Maximum  depth  of  vortex  (i.e.,  depth  at 

the  point  of  no  speed);  it  is  also  the 
maximum  depth  of  the  padlock  flow  at 
point  A.  ‘ 

he  Depth  at  point  B  (Fig.  2). 


Volume  18 


904 


JOURNAL  OF  PHYSICAL  OCEANOGRAPHY 


h* 

ij 


r 


Rd 

ro 


r 


r.  I? 


HAi  !'B 


U,  V 


U-'K 

I,i0) 

;i(0) 

u<'\ 

/;'■>,  r'*>, 
D<-’, 


Ftf,  h 


X,  y,  t 
x,)> 


X’*,  y* 


Nondimensional  depth  {h/h). 

Section  2- -subscripts  which  denote  the 
initial  and  final  stale  (respectively),  In 
section  3,  (1,2,  3)  denotes  associa¬ 

tion  with  various  sections  (3.1). 

Radius  in  polar  coordinates  whose  origin 
is  located  at  the  center  of  the  solid  cyl¬ 
inder. 

Deformation  radius  {g'Ji)  '''^/ /. 

In  section  3— -radius  of  solid  cylinder  (Fig, 
6b);  in  section  4  it  is  shown  that,  for  our 
case,  ro  is  also  the  radius  of  the  undis¬ 
turbed  vortex,  2(2,^'^)'^^. 

Nondimensional  radius  in  a  polar  coor¬ 
dinates  system  with  an  origin  at  the  cen¬ 
ter  of  the  cylinder, 

Nordimcnsional  radius  and  angle  in  a  po¬ 
lar  coordinate  system  whose  origin  is  lo¬ 
cated  at  the  center  of  the  undisturbed 
vortex  (i.e.,  center  of  padlock  flow). 

Merging  time. 

Sr  eed  along  the  x:  axis  (i.e.,  in  a  Cartesian 
coordinates)  for  points  A  and  B  (Fig. 
2). 

Speeds  in  Cartesian  coordinates  whose  or¬ 
igin  is  located  at  the  center  of  the  solid 
cylinder  (Fig.  6b). 

Nondimensional  speeds  in  Cartesian  co¬ 
ordinates  whose  origin  is  located  at  the 
center  of  the  solid  cylinder  (Fig.  6b).' 

Velocity  and  depth  (in  Cartesian  coordi¬ 
nates  located  at  the  center  of  the  solid 
cylinder)  of  the  undisturbed  vortex. 

The  undisturbed  velocity  and  depth  in  a 
Cartesian  coordinate  system  located  at 
the  center  of  the  undisturbed  vortex. 

First-  and  second-order  perturbations  to 
the  basic  flow  (in  Cartesian  coordinates 
located  at  the  center  of  the  solid  cylin¬ 
der). 

Initial  orbital  speed  in  polar  coordinates 
whose  origin  is  situated  at  the  center  of 
the  vortex. 

Nondimensional  orbital  speed  and  depth 
in  a  polar  coordinates  whose  origin  is 
located  at  the  center  of  the  undisturbed 
vortex. 

The  distance  between  the  center  of  a  point 
vortex  and  a  wall  (section  5). 

Space  and  time  coordinates  in  a  Cartesian 
coordinates  whose  origin  is  situated  at 
the  center  of  the  solid  cylinder. 

Space  in  a  Cartesian  coordinates  located 
at  the  center  of  the  undisturbed  vortex 
(point  A,  Fig.  6b).  It  is  related  to  x,  y 
by,  y  =  y2V2(2  -  6);x  =  x. 

Nondimensional  Cartesian  coordinates  in 


a  system  whose  origin  is  situated  at  the 
center  of  the  solid  cylinder. 

An  integration  constant  a.ssociatcd  with  the 
solution  of  (4. 1). 

Distance  between  the  edge  of  the  padlock 
flow  (in  section  1)  and  the  edge  of  the 
undisturbed  vortex  (nondimensional- 
ized  by  iflRjX 

Distance  between  the  edge  of  the  intrusion 
(in  section  3)  and  the  surface  of  the 
solid  cylinder  (nondimensionalized  bv 
liiR,). 

A  nondimensional  coefficient  associated 
with  the  second-order  flow  in  section  2. 
It  is  found  to  be  equal  to  0.366. 

In  section  2— the  distar.ce  that  each  vortex 
is  “pushed”  into  the  other  (Fig.  2);  in 
section  3 — the  distance  between  the 
edge  of  the  undisturbed  vortex  and  the 
edge  of  the  cylinder(Fig.  6b).  Note  that 
the  undisturbed  vortex  is  defined  as  a 
zero  potential  vorticity  lens  which  is 
aligned  with  the  center  and  depth  of  the 
padlock  flow  (i.e.,  it  has  the  same  center 
and  depth  as  the  padlock  flow). 

Streamfunction. 

Nondimensional  streamfunction. 

Integration  in  a  counterclockwise  (clock¬ 
wise)  manner  along  a  closed  curve. 
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